In this paper we study the spectra of certain classes of Room frames. The three spectra which we study are incomplete Room squares, uniform Room frames and Room frames of type 2 u t 1 . These problems have been studied in numerous papers over the years; in this paper, we complete the three spectra. In addition we find a Howell cube of type H 3 (6, 10). This corrects a previous claim of nonexistence of this design.
Introduction
Room squares and generalizations have been extensively studied for over 40 years. In 1974, Mullin and Wallis [12] showed that the spectrum of Room squares consists of all odd positive integers other than 3 or 5; however, many other related questions have remained unsolved. (For an extensive survey from 1992 of Room squares and related designs, we refer the reader to [5] .) In the 1994 paper by Dinitz, Stinson and Zhu [6] , the authors studied three well-known spectra of designs closely related to Room squares and in each instance left exactly one unsolved case. In this paper we will prove the existence of each of these designs.
Also, in the 1986 paper by A. Rosa and D. Stinson [13] it was claimed that there is no Howell cube on any 6-regular graph on 10 points. In Section 2 we disprove this claim by exhibiting such a cube.
We begin with the definitions. Let S be a set, and let {S 1 , . . . , S n } be a partition of S. An {S 1 , . . . , S n }-Room frame is an |S| × |S| array, F , indexed by S, which satisfies the following properties:
1. every cell of F either is empty or contains an unordered pair of symbols of S, 2. the subarrays S i × S i are empty, for 1 i n (these subarrays are referred to as holes), 3. each symbol x ∈ S i occurs once in row (or column) s, for any s ∈ S i , 4. the pairs occurring in F are those {s, t}, where (s, t) ∈ (S × S)\ ∪ n i=1 (S i × S i ).
The type of a Room frame F is defined to be the multiset {|S i | : 1 i n}. Typically an "exponential" notation is used to describe types: type t 1 u 1 t 2 u 2 · · · t k u k denotes u i occurrences of t i , 1 i k. We note that a Room square of side n is equivalent to a Room frame of type 1 n . Examples of Room frames of types Note that the pairs of elements contained in a Room square naturally define a graph (the underlying graph). Each row (column) of the Room frame is a 1-factor of the underlying graph and the set of all rows (columns) is a 1-factorization of the underlying graph. The row 1-factorization and column 1-factorization are orthogonal 1-factorizations in the sense that any two edges that are in the same row 1-factor are in different column 1-factors. It is straightforward to see that the existence of a Room frame of type t 1 u 1 t 2 u 2 . . . t k u k is equivalent to a pair of orthogonal 1-factorizations of the complete graph on t i × u i points which is missing a spanning set of u i complete graphs on t i points for 1 i k.
Three important spectra of Room frames were considered in [6] and will be discussed in this paper. Specifically, they are Room frames of types 1 n−s s 1 (incomplete Room squares), t u (uniform Room frames) and 2 u t 1 . We describe each one and give the current state of knowledge for each.
The existence of a Room frame of type 1 n−s s 1 is equivalent to the existence of an object called an (n, s)-incomplete Room square which is essentially a Room square of side n containing a Room square of side s as a subarray. (By considering "incomplete" Room squares, one can allow s = 3 or 5, as well.) The existence of these objects is a fundamental question in this area. See [5, 6, 7, 14] for prior results. The following theorem summarizes the known results regarding these objects. A Room frame of type t u (i.e. a Room frame having u holes, each of size t) is termed a uniform Room frame. A systematic study of the spectrum for uniform Room frames was begun in 1981 in [3] . Other results can be found in [2, 5, 6, 9] . The following theorem summarizes the known results regarding uniform Room frames.
Theorem 1.2 [6]
Suppose t and u are positive integers, u 4, and (t, u) = (1, 5), (2, 4) . Then there exists a Room frame of type t u if and only if t(u − 1) is even, except possibly when u = 4 and t = 14 (i.e. of type 14 4 ). In this paper we find all three of the exceptional cases, allowing us to complete each of the spectra mentioned above. Our method entails the use of the hill-climbing algorithm for finding Room frames. This algorithm is described in [4] and was used previously to find many of the frames of the types mentioned in this paper. An additional description of the algorithm can be found at [5] and a general description of hill-climbing algorithms used in design theory can be found at [11] . We should mention that the current success of the algorithm is mainly attributable to the speedup of computers (and the existence of large clusters) over the past 15 years. There were no new heuristics or algorithmic speedups used in these searches over what was used in [6] .
We ran the algorithm many times and below we give a statistical analysis of expected number times the algorithm must be restarted before finding each frame. It also estimates the expected time for a single process to finish on a single 3GHz cpu. In each case a restart begins when the search reaches the threshold of 8000 * side operations without a decrease in the deficit. A rough estimate of the time this algorithm could have taken to complete these searches in 1994 would be to multiply the value given below by 40. frame number of restarts expected time to finish (hours) 1 46 21
In the Appendix we give a (67, 21)−incomplete Room square, a Room frame of type 14 4 and a Room frame of type 2 19 18 1 . We present each as a pair of orthogonal onefactorizations F r and F c of the appropriate underlying graph (for example K 68 − K 22 for the (67, 21)−incomplete Room square). In order to construct the square just note that if pair {x, y} is in the ith factor of F r and the jth factor of F c , then the pair {x, y} is in the ith row and jth column of the Room frame. The addition of these frames to the three theorems above completes each of their spectra. We record this in the following three theorems.
Theorem 1.4
There exists an 1 n−s s 1 Room frame (equivalently an (n, s)−incomplete Room square) if and only if n and s are odd positive integers, n 3s + 2, and (n, s) = (5, 1). Theorem 1.5 There exists a Room frame of type t u if and only if u 4, t(u − 1) is even, and (t, u) = (1, 5), (2, 4) . Theorem 1.6 There exists a frame of type 2 u t 1 if and only if t and u are positive integers, t is even and u t + 1.
A Howell cube
An object that is very closely related to a Room square and slightly more general is a Howell design. Let S be a set of 2n symbols. A Howell design H(s, 2n) (on symbol set S) is an s × s array, H, which satisfies the properties: 1. every cell of H either is empty or contains an unordered pair of symbols from S, 2. each symbol of S occurs once in each row and column of H, and 3. every unordered pair of symbols occurs in at most one cell of H.
We note that a Room square of side 2n − 1 is an H(2n − 1, 2n). As was the case for Room frames, the pairs of symbols in the cells of an H(s, 2n) can be thought of as the edges of a s regular graph on 2n symbols, the underlying graph of the Howell design. An H * (s, 2n) is defined to be an H(s, 2n) whose underlying graph contains a maximal independent set, i.e. one of size 2n − s. The rows and columns of an H(s, 2n) form orthogonal 1-factorizations of the underlying graph. As with Room frames, the existence of a pair of orthogonal 1-factorizations of an s−regular graph on 2n vertices is equivalent to the existence of an H(s, 2n). Below we give examples of two small Howell designs, an H(4,6) and an H*(4,8) with independent set {1, 2, 3, 4}. [1] .
In 1986, A. Rosa and D. Stinson [13] studied orthogonal 1-factorizations of s−regular graphs on 10 or fewer vertices. In that paper it was claimed that there is no set of three orthogonal 1-factorizations of any 6-regular graph on 10 vertices. In other words, there is no Howell cube H 3 (6, 10). This is not correct. Below we give three orthogonal 1-factorizations, F 1 , F 2 and F 3 , of the graph which is the complement of K 4 ∪ K 3,3 . Since this graph has an independent set of size four (namely {3, 4, 6, 8}), the existence of these three orthogonal 1-factorizations implies there exists an H * 3 (6, 10).
Theorem 2.1 There exists an H * 3 (6, 10).
Proof:
We display three orthogonal 1-factorizations of the 6-regular graph on 10 vertices which is the complement of K 4 ∪ K 3,3 . 1,47 2,56 3,23 4,22 5,25 6,46 7,50 8,19 9,27 10,24 11,43 12,45 13,18 14,48 15,44 16,49 17,54 20,52 21,51 26,55 28,53  1,44 2,46 3,22 4,48 5,54 6,17 7,19 8,24 9,43 10,21 11,16 12,49 13,50 14,15 18,47 20,56 23,53 25,55 26,52 27,51 28,45  1,16 2,23 3,25 4,24 5,27 6,47 7,15 8,51 9,45 10,46 11,55 12,48 13,17 14,49 18,50 19,53 20,54 21,44 22,52 26,56 28,43  1,25 2,17 3,26 4,50 5,53 6,22 7,43 8,15 9,55 10,45 11,20 12,44 13,46 14,28 16,51 18,48 19,56 21,47 23,49 24,54 27,52  1,23 2,18 3,49 4,43 5,50 6,55 7,47 8,53 9,15 10,56 11,17 12,20 13,19 14,21 16,52 22,54 24,48 25,46 26,51 27,45 28,44  1,45 2,24 3,43 4,49 5,26 6,44 7,27 8,56 9,28 10,25 11,52 12,15 13,47 14,20 16,54 17,48 18,53 19,51 21,50 22,55 23,46  1,43 2,19 3,20 4,45 5,23 6,48 7,55 8,50 9,56 10,51 11,28 12,21 13,24 14,17 15,47 16,44 18,49 22,46 25,52 26,53 27,54  1,53 2,45 3,21 4,54 5,18 6,50 7,16 8,52 9,20 10,26 11,23 12,19 13,44 14,46 15,56 17,55 22,49 24,43 25,48 27,47 28,51  1,22 2,51 3,45 4,25 5,52 6,23 7,17 8,55 9,16 10,15 11,44 12,18 13,48 14,54 19,47 20,53 21,43 24,56 26,50 
